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We give a formalism of arithmetic mixed sheaves, including the case of arithmetic mixed 
Hodge structures which are recently studied by P. Griffiths, M. Green ([22], [23]) and 
M. Asakura [1] using other methods. This notion became necessary for us to describe the 
image of Griffiths' Abel-Jacobi map for a generic hypersurface (inspired by previous work 
of M. Green [21] and C. Voisin [45], [46]), and also to prove the following variant of results 
of D. Mumford [31] and A. Roitman [34] suggested (and proved in the case dim A = 2) by 
S. Bloch in Exercise of Appendix to Lecture 1 of [7]: 

Let A be a smooth proper complex algebraic variety. If there is a morphism of complex 
varieties 5" ^ A inducing a surjective morphism CHo(S')q — * CHo(A)q, then r(A, O-^) = 
for j > dimes'. 

Actually, it turns out that the usual Hodge theory [12] is enough for this. See Prop. 1.4 
of Lect. 6 in [46]. But the attempt led us to the following formulation. 

For a subfield A of M, and a subfield k of C with finite transcendence degree, the 
category of /c-finite mixed A- Hodge structures MHS(A)^fc> is defined to be the inductive 
limit of the category of admissible variations of mixed A-Hodge structures on 5" = Spec R 
over kn := kCiR, with R running over finitely generated smooth /c-subalgebras of C. (Here 
an admissible variation on S means an admissible variation of mixed A- Hodge structures 
on Sc ■= S C in the sense of [27], [44] such that the Hodge filtration, the connection 
and the polarization are defined on S/kn.) More generally, for a complex algebraic variety 
A, there is a /c-subalgebra i? of C as above such that A is defined over R, and the category 
MHM(A, A)^jt> of /c-finite mixed Hodge Modules on A is defined similarly. See (2.1). These 
can be extended to the mixed sheaves in the sense of [37] where /-adic sheaves can also be 
included, and the main theorems of this paper hold in the generalized situation. (In fact, 
they apply even to the subcategory consisting of the objects of geometric origin.) 

A similar category was defined in [37], (1.9) for a subfield A of C finitely generated over 
/c, by assuming that the fraction field of is A in the above definition. (This was inspired 
by [7], p. 1.20.) Then it is enough to take further the inductive limit over K in order to 
get the above category of arithmetic mixed Hodge Modules (or sheaves, more generally). 
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See also 6.1.7 of [6] and 1.1 of Lect. 6 in [46]. The origin of the idea can be found in p. 86 
and pp. 98-99 of [41]. 

The category of arithmetic mixed Hodge structures is closer to a conjectural category 
of mixed motives of Beilinson [4] than the category of graded-polarizable mixed A-Hodge 
structures MHS(74) in the usual sense [12], but is different from both (at least if we do not 
restrict to the subcategory consisting of the objects of geometric origin). There is a natural 
functor i : MR^{X,A)^k) MHS(X,^), but this is not fully faithful. See (2.5) (ii). We 
have a constant object A^^) in MHS(^)(fe) represented by a constant variation of Hodge 
structure of type (0, 0) on S. For a complex variety X, we can define the cohomology 
H^{X, ^(fc)) ill MHS(A)^yt^ in a compatible way with the functor t, and show the following: 

0.1. Theorem. Let X be a smooth proper complex variety of dimension n. IfT{X, O-^) ^ 
0, then Ext-'(A^jt)5 -f^^"'~"' (-^7 ^(fc)(^))) is an infinite dimensional vector space over A n k, 
where Ext-' is taken in M}iS{A){^k)- See (4-2). 

So we get a positive answer to the problem of showing the nonvanishing of the higher 
extension groups in a variant of the category of mixed Hodge structures. See also [1], [22], 
[23] , [48] , etc. The proof uses an argument similar to the passage from a normal function 
(which is an element of an extension group) to the corresponding Hodge cycle as in [38], 
[39]. The infinite dimensionality comes from the infinite transcendence degree of C. Note 
that (0.1) and the other main theorems hold for the arithmetic mixed sheaves and also for 
the objects of geometric origin, where A is assumed to be Q. 

For the relation with the cycle map, we define an analogue of Deligne cohomology by 

Hi,{X,A{k){j)) = Exf (A<fc), iax).a*xA(^k){j)) 
{=Ext\a*xA^k),a'*xA^k){j))), 

where ax '■ X — > SpecC denotes the structure morphism, and the extension group is 
taken in the derived category of MHS(^)(fc) or M}iM{X , A) ^j^y By the decomposition 
theorem, we have the Leray filtration L on Hjy{X, A^j^){j)) (associated with the Leray 
spectral sequence) such that 

GTlHUX,A^km^Exe{A^k),H'-'^{X,A^k){j)). 
See (3.3). For A = Q, we have a cycle map 

d:CH^(X)Q^i?g'(X,Q<fc)(p)), 

and the Chow group CH^(X)(Q) has the induced filtration L. (This can be generalized 
to Bloch's higher Chow groups [8] due to [37], (8.3).) It is expected that this filtration 
coincides with a conjectural filtration of A. Beilinson [4] and S. Bloch. 

By definition, L^C'H^{X)q consists of homologically equivalent to zero cycles, and 
L^CH^(X)q is contained in the kernel of Griffiths' Abel-Jacobi map, but it is not clear if 
the last two coincide in general (except when p = 1 or dimX). The graded piece of the 
cycle map 

Gr^^d : Gr^CH^(X)Q ^ Ext^iQ^^), H^''-'{X,Qik){p))) 
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for r > 2 is sometimes called the higher Abel-Jacobi map. See also [1], [22], [23], [48], etc. 
By the same argument as in [40, II], (3.3), we can verify that the filtration L is preserved 
by the action of a correspondence, and the action on the graded pieces depends only on 
the cohomology class of the correspondence. See (3.5). Using Murre's result [32], [33], we 
can prove 

0.2. Theorem. Let X he a smooth proper variety of dimension n. Then the image of 
the second Abel-Jacobi map Gr^c/ for p — n is an infinite dimensional Q-vector space if 



In the surface case this is analogous to a recent result of C. Voisin [48], where she uses 
an explicit description of a second Abel-Jacobi map due to M. Green [22]. For a zero cycle 
C on a surface 5, it is given by a composition of the extension classes associated with the 
inclusions \(\ ^ C and C ^ S, where C is a curve containing |^|. But how to eliminate 
the cohomology of C in the composition of the two extensions is a difficult problem, and 
the relation between the two second Abel-Jacobi maps is not trivial. (See also [1] for the 
nonvanishing of the second Abel-Jacobi map in the case X is the self-product of a curve 
defined over Q such that its genus is > 1 and the rank of the Neron-Severi group of the 
product over Q is three.) 

Note that the nonvanishing of Gr|c/ is rather trivial in the case r(X, O^) = and X 
is defined over k (i.e. there exists a /c- variety X^ such that X = X^ ®k C), because it is 
enough to consider a cycle of the form [A^] — [X^] x where is the diagonal of X^ 
and Cfc is a zero-cycle of degree 1 on X^ with rational coefficients. (If X is not defined over 
k, we have to take a finitely generated /c-subalgebra i? of C such that X is defined over R, 
and then carry out the argument relative to R.) 

The nonvanishing of Gr^c/ for p = n would hold under the assumption r(X, O^c) 7^ 0? 
if the Chow-Kiinneth decomposition in the sense of Murre [33] holds. Note that the 
relation with Murre's result was suggested in [40, II], (3.4). In the case X is a smooth 
hypcrsurface of P'^+^ defined over k, we can show that the image of Gr^cZ is infinite 
dimensional if r{X,Q^) ^ (i.e. if degX > n + 2). Similar arguments apply to cycles 
of lower codimensions. See Remark after (4.4). We can prove an analogue of (0.2) for the 
higher Chow groups. See (5.2). 

As to the image of Griffiths' Abel-Jacobi map, we have a natural morphism of 
H^{X, Q^fc) (p)) to the usual Deligne cohomology H^{X, Q{p)), and its image is called the 
A;-finite part of the Deligne cohomology, and is denoted by H^{X, Q(p))^^^ The A;-finite 
part JP{X)q^ of Griffiths' intermediate Jacobian tensored with Q is defined by intersect- 
ing it with H^(X, Q{p))^''K (It coincides with the image of the extension group defined 
in the category of arithmetic mixed Hodge structures.) The Abel-Jacobi map induces a 
morphism of L^CH^(X)q to Jp{X)q \ By an argument similar to [38], [39], we can show 



in the sense of (2.4), and the Hodge conjecture for codimension p cycles holds for any 
smooth projective complex varieties defined over k, then the cycle map cl : CH^(X)q —>■ 



i7g'(X,Q(p))<^> and the Abel-Jacobi map L^CB.p{X)q J^{Xy^^ are surjective. 



r(x,o2 



) ^ 0. See (44)- 
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The first assumption is satisfied if X is a generic hypersurface, or more generaUy, if 
X is a generic hypersurface of a smooth projective variety Y defined over a subfield of 
k such that Q) = 0. If the first assumption of (0.3) is not satisfied, the cycle 

map cl : CB.p{X)q H^{X,Q{p))<''> and the Abel-Jacobi map L^CIiP{X)^ -^^(^)q^ 
cannot be surjective in general, because Ext^ in MHS(A;,A) is too big. See Remark (ii) 
after (4.1). (One possibility of getting smaller extension groups is to restrict to objects of 
geometric origin. See [40].) We have an analogue of (0.3) for higher Chow groups. See 
(5.11). 

One of the main problems in this theory is the injectivity of the cycle map defined 
before (0.2). We will reduce this problem to the injectivity of certain Abel-Jacobi map for 
varieties over number fields. See also Example (3.7). 

Let F be a smooth variety over an algebraic number field k, where k is assumed to be 
algebraically closed in the function field of Y. We consider the Abel-Jacobi map over k: 

LiOT(y)Q ^ JP{Y/k)q := Ext\Qk, H^''-\Y/k,Qip))) 

where L^G}i^{Y)q is the subgroup of cohomologically equivalent to zero cycles (with 
respect to H'{Y ^kk,Qi) or H'{Y{C),Q)), and Qk, H^P-\Y/k,Q{p)) are defined in 
MHS(A;,^), the category of graded-polarizable mixed Q- Hodge structures whose C-part 
is defined over k. See (1.3). (In the case k = C and p = 1, we can show that this 
Abel-Jacobi map is bijective. See [40, I], (3.4).) 

For a smooth complex algebraic variety X, we say that y is a /c-smooth (or /c-smooth 
proper) model of X, if y is a smooth (or smooth proper) /c- variety having a /c-morphism 
to an integral A;- variety whose geometric generic fiber over SpecC is isomorphic to X. 

0.4. Theorem. Let X, k be as in (0.1), and assume k is a number field. Then the cycle 
map CH^(X)q — > H^{X,Q(^k){p)) is injective if the above Abel-Jacobi map over k is 
injective for any k-smooth models Y of X. In the case p — 2, the last assumption is 

reduced to the same injectivity for any k-smooth proper models Y of X , and moreover, Y 
can be replaced with a smooth projective k-variety which is birational to Y. See (4-6-7). 

This shows that the second hypothesis in a theorem of [1] is not necessary. It is expected 
that the above Abel-Jacobi map for smooth projective varieties over number fields would 
be injective if the target is replaced by the motivic extension group. See also [4], [25]. 
However, it is not clear whether the morphism of the motivic extension group to the above 
extension group should be injective, because it is closely related to the full faithfulness of 
the forgetful functor from the category of mixed motives to that of mixed Hodge structures, 
or of systems of realizations. See [40, I]. So it is better to use the systems of realizations 
here. 

If the conclusion of (0.4) is true, and the Kiinneth decomposition in the Chow group 
holds for the smooth proper variety X, then we can verify that L coincides with the 
filtration of Murre [33], using the same argument as in [40, II], (3.3). See (4.9) below. 
We can also show that Bloch's conjecture in [7] on the converse of Mumford 's result [31] 
can be reduced to the last hypothesis of (0.4) (although the latter may be more difficult 
than the former). See Remark (i) after (4.8). We can prove an analogue of (0.4) for the 
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higher Chow groups. See (5.3). This gives evidence for a conjecture of C. Voisin [47] on 
the countabihty of CH^(X, 1)q modufo decomposable higher cycles. See (5.10). 

In §1, we introduce the notion of mixed Hodge structure whose C-part is defined over 
fc, and, more generally, that of mixed sheaf. In §2, we study /c-finite mixed Hodge Modules 
(and also mixed sheaves), and define the cycle map in §3. The proofs of the above assertions 
in the generalized situation are given in §4. We show analogues of (0.2) and (0.4) for the 
higher Chow groups in §5. 

1. Mixed Sheaves Defined over a Subfield 

1.1. Let A be a subfield of M, and k a subfield of C. For varieties X over k, let 
MHM(X//c, A) denote the categories of mixed Hodge Modules [36] on Xc := X 0k ^ 
such that the underlying filtered D-Modulcs {Mc,F; W) on Xc are defined over k (i.e., a 
filtered P-Module (M^, F; W) on X/k together with an isomorphism (M^, F; W)iS)k'C- = 
(Mc, F; W) is given). We also assume that polarizations on the graded pieces of the weight 
filtration are defined over k. See (1.8, ii) in [37]. 

More generally, it is possible to consider the categories of mixed sheaves Ai{X/k, A) for 
varieties X over k which satisfy the axioms of mixed sheaves. See loc. cit. Here we have 
to choose an embedding A; — > C for the later argument. We assume furthermore that for 
k C k' C C and for a A;- variety X, we have canonically the base change functor 

(1.1.1) M{X/k,A)^ M{X®kk'/k',A), 

which is exact and compatible with dual, pull-back, direct image, external product, etc. 
We also assume that there exist forgetful functors 

(1.1.2) M{X/k,A) ^MBM{Xc,A) 

compatible with the forgetful functors to Perv(Xc, A). 

We can consider, for example, the category consisting of ((M^; F, VF), {K, VF), (Ki, W)) 
where {Mk,F) is a regular holonomic filtered P-Module on X/k endowed with a finite 
filtration W, {K, W) is a filtered perverse sheaf on X^ with Q-coefficients, and {Ki, W) are 
filtered perverse Z-adic sheaves on := X®kk with Q/-coefficients which are endowed with 
a continuous action of the Galois group of fc/fc as in [39] (i.e. the action is lifted to perverse 
sheaves with Z/-coefficients). Furthermore, they are given comparison isomorphisms 

(1.1.3) DR((Mfe, W) ®fc C) - (K, W) ®Q C, e*il{Ki, W) - (K, W) ®q Q^. 

Here A = Q, k is the algebraic closure of k in C, and i-^ : Xc — > is the canonical 
morphism. (See [6] for e*.) It is also possible to consider the perverse sheaves K^^ on 
{X ®k,cj C)^'^ for any embeddings o" : /c — > C so that we get the systems of realizations as 
in [37]^ (1.8). See [14], [15], [25], etc. for the case X = Specfc. 

Remark. If X is a smooth complex variety, a mixed A-Hodge Module consists of 
{{M,F;W),{K,W),a) where (M, F) is a filtered regular holonomic Px-Module, K is 
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a perverse sheaf [6] with ^-coefficients on X^^, W is a finite increasing filtration on M, K 
(called the weight filtration), and a : T>R{M,W) = {K,W) (g)^ C is an isomorphism of 
filtered perverse sheaves with C-coefficients on X^^. They satisfy several good conditions. 
See [36]. Note that the condition of mixed Hodge Module on M = ((M, F; W), {K, W),a) 
is Zariski-local, and we have locally the following: If (/ is a function on X such that the 
restriction of K to the complement U of y fi'~^(0)red is a local system up to a shift of 
complex, then is a mixed Hodge Module if and only if the following four conditions are 
satisfied : 

(a) The restriction of to X \ F is an admissible variation of mixed Hodge structure in 
the sense of [27], [44]. 

(b) The three filtrations F, V, W on {ig)^M (the direct image as a "D-Module) are compat- 
ible, where ig is the closed embedding by the graph of g. 

(c) The relative monodromy filtration exists on tpg^K^W) and ipg^i{K,W). 

(d) ipgM. and ^g.iM. are mixed Hodge Modules. 
See [34] for the details. 

If X is a singular complex variety, the underlying filtered P-Module of a mixed A-Hodge 
Module is defined by using closed embeddings t/ — > F where U is an open subvariety of X 
and V is smooth. See for example [35], 2.1.20. 

1.2. Theorem. With the above notation, the category M.{X/k^A) is an {Ank)-linear 
abelian category, and every morphism is strictly compatible with (F, W) on Mk ■ The 
bounded derived categories D^M.{X/k, A) are stable by standard functors like /*, /i, /*, 
etc. in a compatible way with (1.1.2). 

Proof. This follows from [37]. In the case M{X/k,A) = MHM(Xc,^), the first assertion 
follows from [35], 5.1.14, and the last from 4.3 and 4.4 in loc. cit. 

Remark. For the construction of the direct images /*,/!, it is enough to construct the 
cohomological direct images H^f*, H^f\ (thanks to the strictness of (F, W)). Indeed, if X is 
quasi-projective, f\ are defined by taking two sets of open coverings of X associated with 
general hyperplane sections, and using the combination of co-Cech and Cech complexes 
together with Artin's vanishing theorem for the (perverse) cohomological direct images by 
an affine morphism. See [5], [6]. 

For the pull-back by a closed embedding z : X — > y, it is enough to show an equivalence 
of categories 

: D''MRM{X/k,A) D''xMRM{Y/k, A), 

where the target is the full subcategory of D''M}iM{Y/k, A) defined by the condition : 
supp-ff-'M C X for any j. This is reduced to the case where X is a divisor defined by 
a function g. Then the assertion is verified by using the functor ^g in [36], 2.22. This is 
inspired by [5]. 

1.3. Let MHS(fc, A) = MHM(Spec A;/A;, A) (where we put FP = F-p). This is the category 
of graded-polarizable mixed A-Hodge structures [12] whose C-part is defined over k (and 
polarizations are assumed to be defined over k as above). An object H of MHS(/c, A) 
consists of ((-ff/c, -F; W), {Ha-, W), {He-, W); ctfc, ct^), where Hj^ is a filtered (or bifiltered) 
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A-vector spaces for A = k,A,C with comparison isomorphisms C ^ He, 

OiA '■ Ha <^a C — > He compatible with the filtration W. 

For j e Z, we define AkU) G MB.S{k,A) by Hk = k and Ha = (27ri)M C He = C, 
where ctfc and oa arc natural isomorphisms, and Gr^ = for i 7^ —j and Gr^ = for 
i ^ -2j. Let Ak = Ak{0). We have also Ak{j) G 7\/f(A;,y4) in general. See [37]. 

For a /c- variety X with structure morphism ax/k '■ ^ ^ Spec/c, let 

(1.3.1) Ax/kU) = axA^fc(i), i^^ Wfc, = H^{ax/k)*Ax/k{j). 
For a smooth A;- variety X, we have a cycle map 

(1.3.2) elk : OT(X)q ^ Ext2^(A^/fe, A^/fe(p)) = Ext2^'(Afc, {ax/k%Ax/k{p)), 

where the extension groups are taken in the derived categories of A4{X/k, A) or Ai{k, A). 
If a cycle C is represented by an irreducible closed subvariety Z, then cZ(C) is represented 
by the composition of 

with its dual, by using the dualities 

B{Ax/k) = Ax/kidx/k)['2dx/k], W^z/kA) = ICz/kAidz/k), 

where ICz/kA is the intersection complex, and dx/k = dimX/k. See [36], (4.5.15). 

This cycle map is compatible with the pushdown and the pull-back of cycles (where we 
assume that a morphism is proper for the pushdown.) See [40, II]. We define 

(1.3.3) L^CHP{X)q = Ker(CH^'(X)Q ^ Hom(Qfe, H^P{X/k, Q{p)))) 

where the last morphism is the composition of the cycle map with the natural morphism 
to Hom(Qfc, H^P{X/k, Q{p))). Then the cycle map induces the Abel-Jacobi map over k 

(1.3.4) L1OT(X)q ^ JP{X/k)Q := Ext\Qfc,if2p-i(X/A;,Q(p))) 
by using the Leray spectral sequence 

E^'^ = Ext\Qk,H^{X/k,Q{p))) ^ Ext^+^(Qx/fc,Qx/fc), 
because the vanishing of for i < implies the injective morphisms 

(1.3.5) ^ El'' {i < 1). 



Similar assertions hold also for M.{X/k, A). See [37]. 
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1.4. Lemma. For Hi e MHS(/c, A){i = 1, 2), let H = nom{Hi, H2) G MHS(/c, A), and 

C{Hf = KeviF'^WoHk WqHa ^ GrJ^i^c), C(iy)^ = W^^Hc, 
so that we get a complex C{H) — [C{H)^ — >• C(i7)^]. Then we have natural isomorphisms 
H^{C{H)) = Rom{H^,H2), H\C{H)) = Ext^(ffi, ffa), 

where Horn and Ext^ are taken in MH.S{k,A). 

(The proof is left to the reader. The argument is similar to [11], taking account of the 
semisimplicity of Gr^ H.) 

1.5. Corollary. For i > 1, Ext'iHi, H2) = 0. 



2. Limit of Mixed Sheaves 

2.1. k-finite Mixed Sheaves. Let A, k be as in (1.1). Let K be a subfield of C containing 
k. For a K-variety X, let i? be a finitely generated smooth A;-subalgebra of K such that 

X is defined over J?, i.e., there is an i?-schcmc Xji with an isomorphism (E)r K = X 
(and Speci? is smooth over k). Then, for a finitely generated smooth /c-subalgebra R' of 
C containing we put Xji' = Xji R\ S' = Speci?', d^' = dim^ 5", and kji/ = k (1 R', 
where k is the algebraic closure of /c in C. Note that kfi' coincides with the algebraic closure 
of k in the function field k{S') of S' (because S' is normal) so that S/kw is geometrically 
irreducible and S'^ :— S' ®fe^, C is connected. 

Let R', R" be as above such that R' C R" and S" := Speci?" is smooth over S'. Let 
M{X/k,A) be as in (1.1) (e.g. M{X/k,A) = MBM{X/k, A)). Then we have an exact 
functor by the composition of pull-backs 

M{XR,/kR>,A)[-dR>] M{Xr, kR»/kR»,A)[-dR,] 

^^■^■^^ ^M{XR„/kR„,A)[-dR.], 

where A4 {Xr/ / kRi , A) [—dR/] denotes the category of mixed sheaves M. {Xr^ / kR/ , A) shifted 
by —dR' in the derived category. (Note that R' <8)fe^, kR" — > R" is injective.) Then 
Xc (:= X <SiK C) is identified with the closed fiber of Xr' (g)/-^, C over the closed point of 
defined by the inclusion R' C C, and we have an exact functor 

(2.1.2) M{XR,/kR,,A)[-dR,] ^ MHM(Xc, A) 

compatible with the above functor by using (1.1.2) and restricting to the fiber. Let / be 

the ordered set consisting of finitely generated smooth A;-subalgebras R' of C containing 
R, where R' < R" if and only if R' C R" and R" is smooth over R'. We define 



(2.1.3) 



M{X/K, A){k} = mdlimiM{XR,/kR,,A)[-dR,]. 
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This is independent of the choice of R and Xji at the beginning of this section. An object 
of this category is represented by an object of M.{Xii' /k, A)[—dii'] for some R', and is 
called a A;- finite mixed ^-Hodge Module. By (2.1.2) we have a natural functor 

(2.1.4) L : M{X/K, A){k) ^ MHM(Xc, A). 

We have (shifted) cohomological functors to M{Xji' /kji' , A)[—dR'], M{X/K, A)(^i^'^, 
MHM(Xc, A) from their derived categories such that the restrictions of to these sub- 
categories are the identity, and the are compatible with the functors (2.1.1), (2.1.2) 
and (2.1.4). 

In the case the mixed sheaves M.{X/k, A) are mixed Hodge Modules MRM{X/k, A) in 
(1.1), we will denote M{X/K,A)i^k) by MEM{X / K , A) li K = C, M{X/K,A)^k) wiU 
be denoted by M.{X,A)(^]^^ to simplify the notation. 

2.2. Remarks, (i) If K has finite transcendence degree, let k' be the algebraic closure of 
k in K, and dx/k the transcendence degree of K over k. Then we have 

(2.2.1) MiX/K,A)^k) = md\imR,M{XR,/k',A)[-dK/k], 

where R' runs over localizations of R by one element, and Xji> = Xr ^r R'. (This is 
considered in [37], (1.9), see also [41], 2.12.) 

(ii) For a complex variety X, there exist a subfield K of C which contains k and is 
finitely generated over k, and a i^-variety X^ with an isomorphism Xk <S>k C = X. Then 
we have by definition 

(2.2.2) M{X,A){k) ^i^dlimK'M{XK^K K'/K',A){k}[-dK'/k], 

where K' runs over subfields of C which contains K and is finitely generated over k. 

2.3. k-finite Mixed Hodge structures. With the notation of (1.1) and (2.1), let 

(2.3.1) M{K,A)^k}^M{SpecK/K,A){k)- 

In the case K = C, this will be denoted by A^(^)(/-) to simplify the notation. If the 

mixed sheaves M.{X/k^ A) in (1.1) are mixed Hodge Modules MHM(X//c, A), it is denoted 
by MHS(iir, A)(fc^. If furthermore /c = C, it is denoted by MR'&{A) ^j^-^ , and is called the 
category of /c-finite mixed A-Hodge structures. 
In general, we have a natural functor 

(2.3.2) i:M{K, A)^^) MHS(yl), 

where MHS(^) is the category of graded-polarizable mixed ^-Hodge structures in the 
usual sense [12]. 

For a finitely generated smooth fc-algebra R of C, put 5* = Spec R and Sc = Spec R ®kR 
C. Then admissible variations of mixed Hodge structures are mixed Hodge Modules by 
[36], 3.27, and MHS(iir, A)^^^ is the inductive limit of the category of admissible variations 
of mixed Hodge structures on Spec R/kR. 
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For j e Z, we have Ax,(k}U) ^ MHS(K, A)^^^ which is represented by a constant 
variation of Hodge structure As/knU) of type {—j, — j) on S = SpecR. It is denoted by 
A{k)U) i( K = SpecC. In general, we have AK,{k)U) ^ M{K,A)^k),A{k)U) e M{A)^k) 
similarly. 

2.4. Definition. We say that H e MHS(i^, A)^^) {or M{K, A)(^k'^) is global section-free, 
if for any finitely generated smooth /c-subalgebra R of K such that H is represented by an 
admissible variation of mixed Hodge structure (or a smooth mixed sheaf) on S :— Speci?, 
the underlying local system on Sc has no nonzero global section. 

2.5. Remarks, (i) When k = Q and K = C, MHS(A)^/j^ is called the category of arithmetic 
mixed Hodge structures according to M. Asakura [1], and is closely related to recent work 
of P. Griffiths and M. Green [22], [23] (see also [48]). 

If e MHS(^) is the image of Al e MHS(^)(fc) by the functor t in (2.3.2), then the 
underlying C-part He has naturally an integrable connection V : He — > He (S)c ^^/fc '^^^^^ 
is the limit of the connection Mji <Sir ^^/^^j where Mji = T{S, Ms) with Ms the 

underlying Pg-Modules of the representatives of Ai. 

So we can also consider the category MHS(A)yy-^ of mixed Hodge structures whose 

C-part has an integrable connection V over k. Then we can show that MHS(A)^jt) is a 
full subcategory of MHS(A)y^-^. Indeed, a morphism A — > t(7W) in MilS{A)^^^ defines 
a section of Ker V in Mji for R sufficiently large, and the corresponding global section of 
He on Sc belongs to the ^-local system Ha at the point corresponding to the inclusion 
R^C. See also [1], [22], [23]. 

(ii) The canonical functor Ai{A)(^k) — > MHS(A) is not fully faithful, because the mor- 
phism of extension classes is not injective. For example, let S — Spec-R with R — k[t, t~^], 
and consider an admissible variation of mixed Hodge structure on S which is an extension 
of Qs by 0^(1), and which has an C^-basis eo,ei such that tdtCo = ei,tdte\ = 0, F° 
is generated by cq over Os, and the Q-lattice of the fiber at t is generated by ei and 
Co + (27ri)~^ log(t/c)ei, where c e C* corresponds to the point of determined by the 
embedding R ^ C 

For another example, we can use the noninjectivity of Ext^(Ayt, H) — > Ext^(A, a^^f^H) 
for H e MHS(A)fc (see (1-4)), where a^/j^H is the underlying graded-polarizable mixed 
^-Hodge structure of H. Indeed, the morphism is factorized by the injective morphism 
E^t\Ak,H) ^ Ext\As/k,a*s/^H). 

(ni) If the objects of M.{X/k, A) contain /-adic sheaves as in (1.1), then an objects of 
Ai (A) (^k) contains the inductive limit of /-adic sheaves which has a Galois action in the weak 
sense. (This is however enough to define the weight filtration.) Indeed, the Z-adic part of 
an object of M.{K, A)(^k) is identified with a Q^-vector space having an action of Gal(i^/i^) 
(unramified over Speci? for some finitely generated smooth A;-subalgebra R oi K whose 
fraction field is K). Furthermore the pull-back hy K' ^ K is given by the composition of 
natural morphisms Gal(Z^/i^') -> Gal{KK'/K') = Gal{K /K n K') Ga\(K/K). 

(iv) Let MHM(X, A)so, MHS(A)s° be the categories of mixed Hodge Modules or struc- 
tures of geometric origin. See [40]. We can define similarly MHM(X, A)|°^, MHS(A)|°^ as 
full subcategories of MHM(X, A)^^), MHS(A)(|;;j^ using morphisms of complex varieties and 
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the direct image and pull-back functors between MHM(X, A)(^i^y Then we have a natural 
functor 

(2.5.1) MHM(X, ^ MHM(X, A)^°, MHS(A)|°^ ^ MHS(A)so. 

These are essentially surjective. But it is not clear whether they are fully faithful. It 
would be true for morphisms between pure objects, if the Hodge conjecture is true. But 

the mixed case is not clear. 

In (2.1) we can restrict to the subcategory consisting of objects of geometric origin, 
because A4{X, ^)|^^ = mdlimA4{Xfi>/kR>, A)^°[—dii']. bi this case the surjectivity of the 
cycle map is equivalent to the Hodge type conjecture. See [37], [40]. 

2.6. Proposition. Let K, K' he as in (2.1) such that K C K',knK ^ kPiK' and K, K' 
are finitely generated over k. Let tt' : SpecK' — > Specif denote the canonical morphism. 
Then for a pure object M in MHS(i^, ^)(fc), the canonical morphism 

(2.6.1) Ext^(AK,^fc),M) ^ Ext^(^K',<fe),7r'*M) 

is injective. 

Proof. Let k' — k H K. Let u be an element of the source, and assume its image in the 
target is zero. Then there exist finitely generated smooth fc'-subalgebras i? C i?' of C such 
that K, K' are the fraction fields of R, R', and u is defined over R. We may assume that 
there is a multivalued section of S' := SpecR' ^ S := Speci? such that its image S" is 
finite etale over S. Let tt" : S" ^ S denote the canonical morphism. Then the image of u 
in 

E^e{Asyk',7r"*M) = Ext'{As/k', <7r"*M) 

is zero, and the injection M — > ti'Itx"*M splits by the semisimplicity of pure objects. So u 
is zero, and the assertion follows. 

2.7. Proposition. If K is algebraically closed, we have equivalences of categories 

MHM(X/K,^)<fe) ^ yimA{X/K,A)^^, MHS(K,^)(fe) ^ MHS(K,^)^^^. 

induced by MRM{Xr> /kR^ ,A) MRM{Xr: (g)fc^, k/k,A). 

Proof. It is enough to verify that a filtered P-Module on Xr/ ®k^i k/k is defined on 
Xri ®kj^, k' jk' for a sufficiently large algebraic extension k' of /c in /c (and a similar 
assertion holds for morphisms). 

2.8. Theorem. The category M.{X / K , A) i^i^^ is an {An k)-linear ahelian category (where 
A = Q unless M.{X / K , A) i^]^-) = MRM{X / K , A) (^j.'^) , and the bounded derived categories 
D^A4{X/K, A)(^k'j are stable by standard functors like f*, f\, f* , f', etc. in a compatible 
way with the functor t. 

Proof. This follows from (1.2) using an analogue of the generic base change theorem in 
[13]. 
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Remark. Any object of M.{X/K, A)^^) is represented by an object of A^(Xjj/ /k^, , A)[—dji'] 
whose underlying perverse sheaf has a Whitney stratification of X^/ /j^^, such that the 
strata are smooth over R', where Xji, y/,^, is a smooth compactification of Xji, y^^, over R'. 

3. Cycle Maps 

3.1. Let X, K be as in (2.1) with structure morphism ax/K '■ X — > Specif. We define 

Ax/K,(k)U) = a*x/KAK,{k)ij) e D''M{X/K,A)i^k), 
H\X/K,A^k){j)) = H\ax/K)*Ax/K,{k){j) e M{K,A)^k)- 

These are denoted by Ax,{k){j), ^(fe>(j)) to simplify the notation if /c = C. 

This definition is compatible with the functor i, and H^{X/ K, Ai^j.-^{j)) is the limit of 
WTT^Axj^/kaij)-, where tt : X^ S = Speci? denotes the structure morphism. 
If ^ = Q and X is smooth over K = C, let 

HdgP(X, Q^k}) = Hom(Q^,), if2p(x, Q{k}{p)))- 

If the mixed sheaves in (1.1) are mixed Hodge Modules, this is called the group of A;-finite 
(or /^-horizontal) Hodge cycles of codimension p. 

3.2. Remark, (i) Assume the mixed sheaves in (1.1) are mixed Hodge Modules. By 
Remark (i) of (2.5), Hdg^(X, Q^^^) is identified with the space of Q-Hodge cycles (in the 
usual sense) which are /c-horizontal (i.e. annihilated by the connection over k). See also 
[22], [23]. 

When ^ = Q, the Hodge conjecture implies that every Q-Hodge cycle in the usual 
sense is a Q-finite (i.e. Q-horizontal) Hodge cycle. It is expected that Hodge cycles are 
Q-horizontal. 

3.3. Deligne cohomology. Let X be a proper smooth variety over C, and Hjy{X, Q{j)) the 
Q-Deligne cohomology in the usual sense [17]. By [3] it is isomorphic to 

Ext^(Q^, {ax)Mij)) = Ext^(Qf ,Qf (j)), 

where and Qf belong to D^MHS(Q) and i:>''MHM(X, Q) respectively (see [36]), and 
the last isomorphism follows from the adjoint relation between the direct image and the 
pull-back. We have by [11] 

(3.3.1) JP(X)q = Exti(Q^, H''P-\X, Q(p))), 

where J^(X)q is Griffiths' intermediate Jacobian [24] tensored with Q. 
We define i/^(X, Q(fc)(j)) to be 

Ext^(Q(fc),(ax)*Qx,(fc)(i)) = Ext^(Qx,(fe),Qx,(fe>(i)), 
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where the extension group is taken in the derived category of Ai{A)(^j.^ or M.{X, A)(^j.y 
This is the hmit of H^{Xji/kR, QkiJ)) which is defined to be 

See (1.3). By (2.1.4) we have a natural morphism H^{X, Q{k}{j)) ^ H^{X, Q{j)). Its im- 
age is denoted by Hjy{X, Q{j))^'^\ and is called the A;-finite part of the Deligne cohomology 
associated with the mixed sheaves A4. Since we have a noncanonical isomorphism 

{ax).a*xQik} - (BjH^{X,Q^k))[-j] 

in the derived category of A4{A)(^i.^ (see [37], (8.1.7)), there exists a decreasing filtration 
L on Hjy{X,Q(^i^^{j)) induced by the truncation r on {ax)*Qx,{k){j) such that 

(3.3.3) GtIHUX,Q^,){j)) = Ext'^{Q{k),H'-'{X,Q{k){m- 

See [37], (8.1). For (i, j) = (2p,p), we have a morphism of short exact sequences 

> JnX)^q > H^T^{X,Q{p))<^) > HdgnX,Q(,)) > 

(3.3.4) 

> J^iX)^ > Hl^iX.Qip)) > Hdgf(X,Q) > 

where J^{X)q^ is defined to be the image of 

(3.3.5) Exti(Q<fe),if2^'-i(X,Q(fe)(p)))^ExtHQ^,if'^-'(X,Q(p))) = JP(X)q. 

Remark. It is not clear whether (3.3.5) is injective. See Remark (ii) of (2.5). 

3.4. Cycle map. For a smooth proper complex variety X, let CH^(X)q be the Chow group 
of codimension p cycles on X tensored with Q. By [36] , [37] we have a cycle map 

(3.4.1) cl : OT(X)q ^ H'^P{X,Q^k){p))- 
This is the limit of the cycle map of (1.3.2) : 

(3.4.2) cIr : OT(Xk)q ^ Hl^iXR/kR, Qfc(p)). 

We have the induced filtration L (see (3.3.3)) on CH^(X)q, and the graded pieces of 
the cycle map 

(3.4.3) Gr^d : Gr^OT(X)Q ^ Ext^(Q<fc), iy2f--(X, Q(,)(p)) 

is called the higher Abel-Jacobi map. It may be expected that L gives a conjectural 
filtration of Beilinson and Bloch (see [4], [7] and also [33]) on the Chow group. See for 
example [1]. 
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For a A;- variety X as in (2.1), we have similarly the induced filtration L on CIF{X)q 
and 

(3.4.4) GtIcIk : GtICRP{X)q ^ E^t'{QK,ik), H^'^'^iX/K, Q^k}{p))- 

This gives (3.4.3) by passing to the limit. 
We have a short exact sequence 

(3.4.5) ^ L^CB.p{X)q ^ CB.p{X)q ^ GrlCW{X)Q ^ 0, 

and the cycle map induces a morphism of this exact sequence to the first row of the 
commutative diagram (3.3.4). We can verify that the morphism L^CH^(X)q — > JP{X)q 
coincides with Griffiths' Abel-Jacobi map (by using [17]). See [36], (4.5.20). Indeed, we 
can prove that, for C G CH^(X)q represented by a closed irreducible subvariety Z of X, 
cl{() is represented by the composition 

^ Hf{X,Q)ip) ^ (ax)*Q^(p)[2p]. 

(The last has been known to specialists as Deligne's cycle map.) 

Remark. We can define a cycle map from Bloch's higher Chow group CW(X,n)Q [8] to 
{Qx,{k)jQx,{k){p))i and get the filtration L. See [37], (8.3). 

3.5. Correspondence. For smooth proper i^-varieties X, Y, we define the group of corre- 
spondences by 

C'{X,Y)q = Cff+'i^"^(X XkY)q, 
where X is assumed to be equidimensional. Then we have the cycle map 

, C^(X,F)Q^Ext2^+2di'"^(Qxxy/K,(fc),Qxxy/K,(fc)(^ + dimX)) 

(o.o.l j 

= Hom((ax/K)*Qx/K,(fc), (ay/K)*Qr/K,(fc)(«)[2i]). 

This cycle map is compatible with the composition of correspondences. See [40, II], 
(3.3). This implies that the action of C^{X,Y)q on the Chow groups corresponds by 
the cycle map (3.4.1) to the composition of morphisms with the image of (3.5.1), because 
C\Spec K, X)(Q = Cff(X)Q. So we get a commutative diagram 



Cff(X)Q Hom(QK,(fc>,(ax/K)*Qx/K,(fc)(p)[2p]) 



(3.5.2) 



CH^'+^(y)Q Hom(QK,(fc),(a^/K)*Qr/K,(fc>(p + *)[2p+2z]) 

for a correspondence F e C^{X, Y)q. Since 

r* : {ax/K)*Qx/K,{k) {aY/K)*QY/K,(k}{'i)[^i] 
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preserves the filtration r, we see that the action of a correspondence on the Chow groups 
preserves the filtration L, and the action on the graded pieces depends only on the coho- 
mology class of the correspondence. 

Remark. li ( e (X, Y)q is represented by an irreducible closed subvariety Z, let Z' ^ Z 
be a resolution of singularities, and pi denotes the composition with the projection to 
each direct factor. Then by [loc. cit] the image of by (3.5.1) is the composition of the 
restriction and Gysin morphisms : 

Pi '■ iO'X/K)*Qx/K,(k} iO'Z'/K)*Qz'/K,{k)i 

P2* ■ iaz'/K)*Qz'/K,{k} (ar/K)*Qy/K,(A;)(«)[2^]. 

3.6. Proposition. Let X be a smooth proper K -variety of dimension n, where K is as in 
(2.1). Then L^CH"^(X)q (see (3.4-4)) coincides with the kernel of the Albanese map, and 
we get an injection 

Mhx/K{K) ^ Ext\QK,(fc>,iy'"-'WK,Q^fc)(p)). 

Proof. Since CH^(X)q, Albx/K(i^), and /^^^-^(X/K, Q(fe)(p)) do not change by a bira- 
tional morphism of smooth proper varieties (see [19], [29]), the assertion is reduced to the 
projective case. 

It is clear that L^CH"(X)q is contained in the kernel of the Albanese map. (Indeed, 
restricting to the fiber over the point corresponding to the inclusion X — C and using 
(1.1.2), the assertion is reduced to the case K = C.) Let C £ L^CH'^{X)q belonging to 
the kernel of the Albanese map. Let F be the projector in CB.^{X Xk X)q corresponding 
to the Albanese motive in [32], 4.1 (i.e. = F and the action on W{X ®k K, Q^) is the 
identity for z = 2n — 1, and zero otherwise). Furthermore F*C = by loc. cit. We have to 
show the vanishing of 

d(C) e Ext^(QK,(fc>,iy'""'(^/i^,Q(/c)))- 

But this follows from (3.5.2) applied to F and C, because the action of F* on iy^n-i (^X/K, Q(fc)) 
is the identity. So we get the assertion. 

3.7. Example. Let X be a smooth subvariety in which is a geometric generic fiber of a 
pencil / : Yfc ^ P^. Here is the blowing-up of P| along a smooth curve Ck which is the 
intersection of two smooth surfaces of degree d, and the fibers of / are the members of the 
linear system defined by the two surfaces (i.e. it is a Lefschetz pencil by embedding P| into 
a projective space using the ample line bundle Cp3((i)). We assume that each (geometric) 
singular fiber has at most one singular point and it is an ordinary double point. We choose 
an embedding of K :— /c(P^) into C so that the base change of the generic fiber is X. 

Let F, C denote the base change of Y^, by A; — > C. Then 



(3.7.1) 



W{Y, Q) = i^^■(P^ Q) © H^-^{C, Q)(-l). 
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Let CH|^jjj^(y)Q denote the subgroup of CH^(y)Q consisting of homologically equivalent 
to zero cycles. Then we have a commutative diagram 

(3.7.2) U U 

where the horizontal morphisms are the pull-back by the projection C x — > C and the 
direct image by the inclusion C x P-*^ — > y, and all the morphisms are isomorphisms. This 
implies the isomorphisms 

(3-7.3) CHho„i(Cfe)Q ^ CHhom(Cfe Xfe ^Dq C^hom{Yk)q 

together with the injective morphisms to the top row of the above diagram. In particular, 
we get the injectivity of the Abel-Jacobi map 

(3.7.4) CHlUr'mh - J\r\U))Q Exti,Hs(Q, H\r\U), Q)(2)) 

for Uk = Pfc- We see that this holds for any open subvarieties of P^ using the diagram 

^^hom{Yii)q^ > CHhom(^)Q ^ CHho„i(^c/)Q 

HomMHs(Q,iy'(>"E,Q)^°ni)) ' J\Y)q > J\Yu)q 

where Yjj = f~^{U), 1e = /~^(S) with E = P-*^ \ C/, and the superscript means the 
kernel of the morphism to iy^(y, Q)(2). (Indeed, the left vertical morphism is surjective 
by the Lefschetz theorem applied to the blowing-up of Yg := f~^{s) at singular points). 
Note that the fibers are rational homology manifolds so that the cohomology, intersection 
cohomology and homology of all coincide in this case. Here it is also possible to replace 
Y with its blowing-up at the singular points of fibers, and argue as in (4.7) (but the 
argument is easier, because H^(Ys,Q) = 0.) 

So we can control codimension two cycles on X which are defined over K. But it is 
not easy to extend this to all the cycles even in this simple example, because we have to 
consider arbitrary extensions of K. We will reduce the problem to the injectivity of certain 
Abel-Jacobi map for varieties over number fields. 

As for the relation with the filtration L in (3.4), we have -R-'Z+Qy = for j odd, and 
-R^/*Qy is an intersection complex with local system coefficients (i.e. the intermediate di- 
rect image [6]) which underlies naturally a pure Hodge Module. So we have an isomorphism 
of mixed Hodge structures 



(3.7.5) 
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and this imphes 

(3.7.6) E^t\Qu,R^f*QY) = J\f-\U))q. 

Here we assume that the mixed sheaves in (1.1) are mixed Hodge Modules. Then (3.7.4) 
gives part of of Gt\cI (because Gt\cI = by H^(X, Q) = 0), and we get the nonvanishing 
of Gt\cI in this case by (2.6). Note that the nonvanishing follows also from Bloch's diagonal 
argument easily in the case H^{X, Q) = as remarked after (0.2) in the introduction. 

4. Proof of Main Theorems 

In this section we prove the main theorems for mixed sheaves in (1.1). 
4.1. Proof of (0.3). It is enough to show the surjectivity of 

Let i? be a finitely generated smooth A;-subalgebra of C with a smooth proper morphism 
TT : Xr ^ S := Speci? such that Xr(^rC ^ X. Put A = Q. Then W{X,Q{k){j)) is 
represented by a variation of Hodge structure WTr^Axn/knij) on S. For i = 0, 1, we have 

Ext^(As/fc,,if2p-v,Ax,/fe,(p))=Hom(Afc,,if^(a5/fc,).if'^-V,Ax,/fe,(p)). 
by using the Leray spectral sequence 

(4.1.1) E^'^ = E^t\Ak,,H^{as/kn)*M) ^ Ext'+^As/kn, M), 

where M = H'^pTT^Ax^/knip) or H'^^-'^TT^Ax^/kM (because Ei^^ = for z = 1,2 in the 
latter case by assumption). Since we have a noncanonical isomorphism (see [37], (6.10)) : 

(4.1.2) Tr.Ax^/kn-®i{H'T^*^Xn/kn)[-A in i?'MHM(5//Cfl, A), 

we can identify H^{as/kii)*H'^^~'^'^*-^Xit/kR{p) noncanonically with a subobject (and 
canonically with a subquotient) of H'^'P{Xji/kii, A{p)). So the assertion is reduced to 
the Hodge conjecture for a smooth compactification of Xfi (E)kR C. See Remark (i) below. 
Then it is further reduced to the Hodge conjecture for a smooth projective variety due to 
Chow's lemma. 

Remarks, (i) Let Xk be a smooth /c-variety such that k = k D k{Xk) (i.e. Xk/k is 
geometrically irreducible). Let be a smooth compactification of Xk such that Xk \Xk 
is a divisor with normal crossings. Then the cycle map 

(4.1.3) CH^(^)q ^ Hom(Qfc, H^P{Xk/k, Qk{p))) 

is surjective if the Hodge conjecture for codimension p cycles on Xc := Xk C is true. 
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Indeed, H^P{Xk/k,Qk) has weights > 2p and GrYpH^P{Xk/k,Qk) is a quotient of 
H'^P{Xk/k,Qk)- See [12]. So the assertion is reduced to the case Xk is smooth proper. 
Then the assertion is more or less weU-known (using the Galois action on Z-adic cohomology 
or de Rham cohomology). See for example [38], (8.5,iii). 

(ii) For a smooth proper /c-variety Xk and a finitely generated smooth /c-subalgebra R 
of C, let X — Xk (8>fc C,Xr — Xk ®fe R, and S — SpecR. Assume k = kn k{Xk) and 
the mixed sheaves in (1.1) are mixed Hodge Modules. Then JP{X)^'^'^ = Jp(X), and the 
Abel-Jacobi map to JP{X)^^'> is not surjective if H'^'p~^{X) has level > 1. 

4.2. Proof of (0.1). Let i? be a finitely generated smooth A;-subalgebra of C with a smooth 
proper morphism tt : X^ — > 5 := Speci? such that X^ <Sir C = X. We may assume X is 
connected. Put 

Let R' be the affine ring of an affine open subvariety U of Xji (i.e. U = Speci?'). Put 
S' = Speci?' with n' : S' ^ S the canonical morphism. Let R^'^'> be the m-ple tensor 
product of R' over R. We choose an embedding R^'^'i — > C over R. (Here R^'^^ (8)^^ k is 
integral so that R^'^^ r\k = kn, because n' is smooth, and the generic fiber is geometrically 
irreducible.) Put 5*-'"^ = Spec-R^'"^ with tt*^"^^ : S^'^^ S the canonical morphism. For 
a nonempty affine open subvariety S" of S^'^\ let n" : S" ^ S denote the restriction of 
TT^'"^. It is enough to show that 

(4.2.1) indlim5»Ext-'(As»/fe^, 7r"*M) 

with S" running over nonempty affine open subvarieties of S^'^\ has at least dimension m, 
and the morphism induced by the base change associated with the first functor of (2.1.1) 
has at least rank m, because the effect by the second functor of (2.1.1) is covered by (2.6). 
(Concerning the first functor of (2.1.1), we can do the same construction as above after 
taking the base change by a finite extension kji' kn".) 

By the edge morphism of the Leray spectral sequence, we have a canonical morphism 

This is compatible with the transition morphism of the inductive limit, and is surjective 
by the Lemma below. So we may replace (4.2.1) with 

(4.2.2) mdlims"tlom{As/kn,H'n'y*M), 

and we have to show that it has at least dimension m, and the morphism induced by the 
first functor of (2.1.1) has at least rank m. 

We first consider the case m = 1, where we may assume S" = S' shrinking U if necessary. 
Let 

M' = H^^-^niAu/knin), M'* = Wn^Au/kn, 

where tt' is identified with the restriction of tt to U. We may assume that the underlying 
Q-complexes of M' and M'* are local systems (shrinking S if necessary). Then they are 
dual of each other (up to a Tate twist and a shift of complex) , and 

W7T'y*M = M'*®M = nom{M', M). 
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We have a canonical element ^ in 

Hom{As/kn, nom{M\ M)) = Hom(M', M), 

corresponding to the canonical morphism M' — > M. We see that this is nonzero for any 
U C Xji by restricting to the fiber at the geometric generic point of S and using the 
functor (2.1.4) together with the level of Hodge structure, because r(X, fi^) ^ 0. The 
compatibility with the base change is clear. 

Now we consider the case m > 1. Since t^*^^ Ag(m) /f.^ is the m-ple tensor product of 
Tr'^As'/kji: we get a canonical injection 

We can verify that this gives an m-dimensional subspace of 

Rom{As/kn, H^ni'^^Asimyk^ ® M), 

and of (4.2.2) using (2.1.4) and the level of Hodge structure as above. 

4.3. Lemma. Let X,S be smooth k-schemes of finite type with a smooth morphism f : 

X ^ S such that k is algebraically closed in the function field of S and f^Ax/k 'is 
smooth (i.e. its underlying Q-complex is a local system). Let M e A4{S/k,A)[—diinS] 
with pure weight —j . Then the canonical morphism 

Ext^(^x/fc, f*M) = Ext^(^5/fc, f*f*M) ^ iiom{As/k, H^fJ*M) 

is surjective by shrinking S if necessary. 

Proof. We may assume that f^Ax/k and M are smooth (i.e. their underlying Q- 
complexes are local systems) by shrinking S if necessary. Let f : X ^ S he a, 
smooth compactification of / (i.e., / is smooth proper). Then the canonical morphism 
WJJ*M Gv^WfJ*M is surjective, and W-iH^fJ*M = 0. This implies the sur- 
jectivity of 

iiom{As/k,H^7j*M) ^ }iom{As/k,H^f*f*M), 

and the assertion is reduced to the case where / is smooth proper. Then it follows from 
the decomposition (4.1.2) applied to the direct image of / M by /. 

4.4. Proof of (0.2). We may assume X is connected. It is enough to construct cycles in 
L^CH"^(X)q whose images in (4.2.2) coincide with the elements constructed in (4.2). We 
first consider the case X is projective. With the notation of (4.2), let K be the fraction 
field of R, and Xk = Xfi®jiK. Let K' be the function field of Xk-, and Xk' = Xk®kK' . 
By Murre's result [32], [33], there is a middle dimensional cycle C, on Xk Xr Xk such that 
C°C = C (as correspondences) and the action of its base change Cc £ CH"'(X x X) on 

{X, Q) (via the correspondence) is the identity for j <2n — 2, and zero otherwise. Let 
C' be the restriction of ( to the generic fiber Xk' of the first projection of X^ Xk Xk to 
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Xk- Let be the pull-back of ( to Xk' Xk' Xk'- Then {Ck')*C' — C by C°C — C (see 
Lemma below), and hence C e L^CH"'(Xx')q (using a diagram similar to (3.5.2)). Here 
we may assume that ^ is defined on Xji x ji Xji replacing R if necessary. We see that the 
image of C in }iom(As/kj H'^Tr'^Tv"*M) in the notation of (4.2) coincides with the canonical 
element constructed in (4.2), using the action of (c on H'^"'~^{X, Q) together with(2.1.4). 
(A similar argument works for L^CH"^(X)q if the Kiinneth decomposition in the Chow 
group [33] holds.) 

To show that the image of the second Abel-Jacobi map has dimension > m, it is enough 
to take the (m + l)-ple fiber product of Xji over R, and consider the pull-back of the 
above cycle by the projection to the fiber product of the i-th and the (m -|- l)-th factors 
for 1 <i < m. 

In the case X is not necessarily projective, let p : X' — > X be a birational morphism 
such that X' is smooth projective. We may assume that X' is defined over i?, and let 
X'j^,X'j^ be as above. Then we have an isomorphism : L^CHo(X')q L^CHo(X)q 
(see [19]) and a decomposition H^'^-'^{X', Q^^)) = H^'^-'^{X, Q(a;)) ©iV, where N has level 
zero. So N does not contribute to the m-dimensional vector space constructed in (4.2), 
and the assertion is reduced to the projective case. 

Remarks, (i) Let X be a smooth hypersurface of P"^+i defined over k. Then we have 
R = K = k in the notation of (4.1). Take a closed point Spec A;' of Xk, and let 

C = A-[k': k]-\Xk Xk Speck') e CH"(Xfc Xfc)Q, 

where A is the diagonal. Let K' be the function field of Xk, and C the restriction of C to 
Xk' as before. Assume that the mixed sheaves in (1.1) are mixed Hodge Modules. Then 

C e l-CH-(XkOq- 

Indeed, it is enough to show by (1.5) 

Ext\Qk,H^'-\U/k,Q^)) = 0, Roin{Qk,H^\U/k,Q{j)) = 

for < z < n/2,0 < j < n/2, and U a sufficiently small open subvariety of X^, because 
H'^{X/k, Q) = Q(— r/2) or zero for r > n. But the assertion is clear by 

W2i-iH^'-\U/k,Q) = W2jH^\U/k,Q) = 0. 

We can show furthermore that Gr^clK'iC) 0; ^ind the image of Gr^c/ is infinite 
dimensional as in (4.2) if degX >n + 2. 

(ii) Let X, Y be smooth proper complex varieties of dimension n, m respectively, and 
C e C*(y, X) for a positive integer i such that i+m < n. Assume they are defined over k so 
that they come from X^, etc. Let K be the function field of Y^/k, and the restriction of 
Cfe to Xk := Xk ®fe K. Assume further (k e L"^CH*+™(Xk). Then GilcKCk) is nonzero 
if the image of C* : H'^iY, Q) ^ H^'+'^lx, Q){i) has level of Hodge structure m. 
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4.5. Lemma. Let X, Y, Z be smooth proper k-varieties, and C, G C*(X, Y),C,' e C^{Y, Z). 
Let (" = e C*"'"-' (X, Z) . Assume X is irreducible, and let K be the function field of 
X. Put Yk — Y ®k K , and similarly for Zk- Let Ck,Ck restrictions of to 
Yki Zk, and e (Yki Zk) be the pull-back of (' . Then 

Ck = {Ck)*Ck- 

Proof. This follows from = pj*(^(^x(') where z = idxSxid : XxYxZ XxYxYxZ 
with 5 the diagonal, and p: XxYxZ^XxZ is the projection. 

4.6. Proof of (0.4). With the notation of (4.1), we have 

and H^{X, Q(^k){p)) is equal to 

ind limj^Ext^P (Qfe^ , (ax«/fe« )*Qxn/kn (p) ) • 
So the first assertion is reduced to the injectivity of the cycle map 

CH^(Xfl)Q ^ Ext2^(Q,„ (ax^/kJ.Qx^/kM)- 

See (3.4.2). Then it follows from the assumption by using the injective morphisms in 
(1.3.5). The last assertion is reduced to the following. 

4.7. Proposition. Let X be a smooth proper variety over k such that k is algebraically 
closed in the function field of X. Let Y be a divisor on X, and p : X' ^ X be a birational 
k-morphism such that X' is smooth projective and Y' := p~^{Y) is a divisor with normal 
crossings whose irreducible components Y- are smooth. Then the Abel-Jacobi map over k 
for U : = X \ Y and p — 2 is injective if the same injectivity holds for X' and p = 2. 

Proof. By the compatibility of the cycle map with the pull-back, the assertion is easily 
reduced to that for U' = p~^{U). So we assume X' = X and Y- will be denoted by 1^. 

Let M = H^{U/k, Q)(2). Then it has weights > -1, and Ext'(Qfe, M) = Ext*(Qfc, WqM) 
for z = 0, 1, where W is the weight filtration. So we have an exact sequence 

(4.7.1) Hom(Qfc, Gr^M) ^ Ext^Qfc, Grlf^M) ^ Ext^(Qfc, M). 

By the weight spectral sequence [12] we have furthermore 

GrlfiM = CokeT(®iH\Yi/k,Q{l)) ^ H\X/k,Qi2))) 

and Gr^M is isomorphic to a quotient of 

KevieiH^Yi/kMC^)) ^ H\X/k,Q{2))). 
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Let * : y — > X denote the inclusion morphism. Then we have 



^ Gr^iM = Coker(z, : H'iaY/kUQx/kC^) ^ i^-^WA;, Q(2))), 

M/W-^M = Kev{u : H\aY/k)J-Qx/k{2) ^ Q(2))), 

using the associated long exact sequence, and the first morphism of (4.7.1) is also induced 
by {aY/if)^rQx/k ~^ {'^x/k)*Q.x/k- So the cycle map gives a morphism of an exact sequence 

(4.7.3) (©,CHi(y,)Q)^°^ ^ L'CR^X)^ ^ L'GR^{U)q 

to (4.7.1), where (©,CHi(r,)Q)(o) = Ker((©iCH\r,)Q) ^ iy4(Xc, Q(p))). Since the 
Hodge conjecture for codimension one cycles on Yi is true, the morphism of the left terms 
is surjective. See Remark (i) after (4.1). This implies also the surjectivity of L^CH^(X)q — >■ 
L^CH^(C/)q. Then the assertion is reduced to the next proposition, because 

(4.7.4) Ext^Qfc, Gr^iM) = Cdker{®iJ\Yi/k)q ^ J^{X/k)q) 
where J'P{Xjk)q is as in (1.3.4). 

4.8. Proposition. Let X, Y he smooth projective k-varieties of pure dimension n and 
n — 1 respectively. Let g : Y ^ X be a morphism of k-varieties. Then 

Giid{g,L^CIi\Y)Q) = Grid{L^CB.^{X)q) nlm{g, : J\Y/k)Q ^ J\X/k)q) 



Proof. Let / denote the hyperplane section class of X. We will denote also by / the induced 
morphism 

I : H'iX/k,Q) ^ W+''iX/k,Q)il). 

(It is defined over k because the condition for a general hyperplane section is Zariski-open, 
and k is an infinite field.) By the Lefschetz decomposition, we have 

H^{X/k,Q) = iy3(X/A;,Q)P"™eZiyi(X/A;,Q(-l)), 

where iy3(X//c, Q)p"™ = KerP-^ c H^{X/k,Q). This implies 

j\X/k)Q = J2(X/A;)P"™ © lJ\X/k)Q, 

where J2(X/A;)P"™ = Ext^(Qfe, iy3(X//c, Q(2))p"-). 

Let e G J^{Y/k)Q such that g^e G Gr^cZ(L^CH^(X)Q). We have to show g^e G 
Gi\^cl{g^L^Cll^{Y)q). We first reduce the assertion to the case g^e G J'^{X/k)q^^. 

Since I is algebraically defined as a correspondence, we have 

P-Ve e Gric/(LiCH"(X)Q) C J"(X/A;)q. 
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By (3.6), we can identify Grlcl{L^CW{X)Q) with Albx/fc(A;)Q. Let Py/k be the Picard 
variety of Y. Since l'^~^g* is algebraically defined by a correspondence F, we have a 
commutative diagram 

PY/k{k)Q > J\Y/k)q 

Albx/fc(fc)Q ^ J''{X/k)Q 

where the horizontal morphisms are injective. We see that the left vertical morphism 
comes from a morphism of abelian varieties. (Indeed, if D denotes the Poincare divisor 
on Py/k XkY, the composition Dor e CH"(Py/fc Xk X) as correspondences gives further 
(Dor)Aib G CK^iPy/k Xfc Albx/fc) which is given by the graph of a morphism of abelian 
varieties, and induces : Py/k{k) Albx/fc(^), where m = dim Albx/fc-) Then the 
diagram induces injective morphisms on the kernel and the cokcrncl of (by using the 
base change by A; — > C together with (1.1.2)). So Z"~^^*e belongs to F*Py/fc(/e)Q, and 
there exists ( e L-^CH^(y)Q such that 

r-Ve = r-VGrid(c). 

Then we may assume P~^5r*e = (i.e. g^e is primitive) by replacing e with e — Gr^cZ(C). 
Now let 

PY/k{k)^Q^ = KerF, C Py/fc(/c)Q, J\Y/k)^^^ = KerF, C J\Y/k)Q, 
and consider 

g*r-^g.e e A\hyik{k)^ C r-\Y/k)^. 
By a similar argument, there exists Q' G Py/k{k)q' such that 

^*p-3^.e = ^*r-VGricZ(C'). 

So it remains to show that the restriction of g*l'^~^ to Imgr* fl H^{X/k^ Q)p"™ is injective, 
or equivalently, the pairing {u,l^~^v) is nondegenerate on Imgr* fl i7"^(X//c, Q)p™. But 
this is clear because the pairing is a polarization of Hodge structure. This completes the 
proof of (4.7-8) and (0.4). 

Remarks, (i) We can verify that Bloch's conjecture [7] is true if the conclusion of 
(0.4) holds. Let X be a smooth proper complex variety of pure dimension 2, and 
N^H'^{X,Q(^k)) the space of Hodge (i.e. algebraic) cycles of codimension one, which is 
a direct sum of Q(fc)(-1). Then for C e L'^CR^{X)q, we can show that cl{() = if 

d(C) G E^t\Q^k),N^H''{X,Q^k)im- 

Indeed, let C be a (not necessarily connected) smooth proper curve with a morphism 
g:C^X such that N^H^{X, Q^k)) = g*H^{C, Q(fc>(-1)). Then we have an injection 

g* ■.N^H\XMk))^H\C. 
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but g*cl{C) = cl{gX) = 0. So c/(C) = 0. See also [40, II], (4.12). 

In general, it is easy to show that for a smooth projective variety X and ( e L'"CH^(X)q 
with r > pwe have Gr^cZ(C) = and hence cl{() = (using the pull-back to an intersection 
of generic hyperplanes of dimension 2p — r). See [40, I]. 

(ii) The extension groups in MHS(Q)^fe) are generally too big. For example, we have 

Ext2(Q<fc),Q<fc)(l))^0 

by (1.4-5) in the case the mixed sheaves in (1.1) are mixed Hodge Modules. Indeed, for 
R, S as in (2.3), we have 

if GrYH\Sc,Q)y^O. 

(iii) With the notation of (0.4), we have a commutative diagram 



L^GW{Yc)q > J^(>c)q 

where the horizontal morphisms are the Abel-Jacobi maps. If the composition of the hori- 
zontal and vertical morphisms is injective, it would imply the injectivity of the Abel-Jacobi 
map defined over k. But the converse is not clear, because the right vertical morphism is 
not injective by (1.4) (although so is the left one). 

4.9. Remarks, (i) Assume that a smooth proper complex variety X admits the Kiinneth 
decomposition in the Chow group in the sense of Murre [32] [33] (i.e., if there exist Pi e 
C^{X,X) for i e Z such that = for z > 2dimX or i < 0, YliiPi diagonal 
of X, piPj = 6ijPi, and the action of Pi on H^{X,Q) is 5ijid). Let Qrj = Y.Q<i<jPr-i 
and q'^ j = J2i<oPr-i + Ylii>jPr-i- Then, following Murre, we define the filtration Fm on 
CH^(i)Q by 

FiOT(X)Q = (9^^,,.)*CH^(^)q = Ker((52pj)* : CH^(^)q - CH^(X)q). 
Let L be as in (3.4.3). Then we can verify 

(4.9.1) Fm C L 

inductively, using piPj = SijPi together with (3.5). Similarly, we see 

(4.9.2) Gr^^^Grl^ = for z ^ j, 
because the action of P2p-j on Gip^ is the identity. In particular. 



(4.9.3) 



Fm^L mod f]L\ 

i 
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If the cycle map (3.4.1) is injective for X, we have f]-U = and the action of Pi on 
CH^(X)q for i > 2poT i < p is zero. (The relation with a conjectural filtration of Beilinson 
and Bloch is explained in [26] assuming the algebraicity of the Kunneth components of the 
diagonal.) 

(ii) In [43], Shuji Saito has defined a filtration Fsh on CH^(X)q for a smooth projective 
complex variety X by letting FgjjCH^(X)Q = ClF{X)q and using an inductive formula 

Here the summation is taken over correspondences F G C^{Y, X)q with i integers and Y 
smooth projective complex varieties such that the image of 

(4.9.4) : i?2p-J-2^(y, Q)i-i) H'^P-^{X, Q) 

is contained in Np~^~^^H'^p~^X,Q). (Here N denotes the "coniveau" filtration.) It is 
possible to consider some variants of this definition. We get filtrations Fq,,Fi3,F^ by 
modifying the condition on F respectively as follows. 

(a) There exists F' e C*(y, X)q such that the morphisms (4.9.4) for F and F' coincide and 

F' is supported onYxZ with dim Z < dimX — p + j. 

{(3) The morphism (4.9.4) is zero. 

(7) The morphism (4.9.4) is zero and Y — X,i — 0. 

We have clearly Fsh D D F/^ D Fj (and they contain Fm if the latter exists). The 
filtrations Fq,, Fp are stable by the action of correspondences (using [19] for F^). We can 
show also 

(4.9.5) Fa C L. 

But it does not seem easy to verify Fsh = F^ or Fsh C L without assuming the standard 
conjectures [28]. If the Kunneth components of the diagonal are algebraic for X, then 

(4.9.6) Gr],^ Gr^ = for i ^ j and * = Sh, a, (3, 7. 

So we have = L for * = a, /3, 7, if the Kunneth components of the diagonal are algebraic 
and the cycle map (3.4.1) is injective for X. 



5. Higher Chow Groups 

5.1. Let k he a subfield of C as above. For a /c-variety X of pure dimension n, let 
CH^(X, m)Q denote Bloch's higher Chow group with rational coefficients [8]. Its elements 
are represented by cycles of codimension p on X X/. A"*. Let A4{X/k, Q) be the categories 
of mixed sheaves for A;- varieties X as in (1.1). Let d = n—p. Then by [37] we can construct 
a cycle map 

(5.1.1) d : CH^'(X,m)Q ^ HZ+miX/k,Q{d)), 
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where the target is defined to be 

Ext-'"'-^{a*x/j,Qk,ax/kQk{-d)){= Ext-2^-"^(Qfc, {ax/k)*ax/kQk{-d))), 

with Ext taken in D^M{X/k, Q) (or D^M{Speck/k, Q)). If X is smooth, it becomes 

H^'-^iX/k, q{p)) := E^e^-^{Qx/„ Qx/k{p)) 

(= Ext2^'-^(Qfc, iax/k)*Qx/M)), 

in the notation of (1.3). If furthermore X is smooth proper and m > 1, then the cycle 
map induces a generalized Abel-Jacobi map 

(5.1.2) d' : CiiP{X,m)q^Ext\Qk,H^P-'^-\X/k,Q{p))), 
by taking the composition with the canonical morphism 

Hl^-'^iX/k, Q{p)) ^ Ext^(Qfe, H'P-^~\X/k, Qip))), 

because H'^'^~'^{X/k,Q{p)) is pure of weight —m. 

Let now X be a complex algebraic variety. Then (5.1.1) induces the cycle map 

(5.1.3) cl : CH^(X,m)Q ^ HZ^^{X,Q^k){d)). 

where the target is defined in a similar way by replacing Ai{X/k, Q) with Ai{X, Q)(fe). If 
X is smooth, it becomes H^~^{X,Q(^i^'j{p)) in (3.3). 
If m = 1, we have a natural map 

(5.1.4) CHP-\X)q ®z C* ^ CH^(X, 1)q, 

using the isomorphism CH''^(pt, 1) = C*. See [8]. (Indeed, an element of CH^(X, 1) is 
represented by "Yliii^iidi) where Zi is an integral closed subvariety of codimension p — 1 
in X and Qi are nonzero rational functions on Zi such that div(7j = in X.) Note that 

(5.1.4) is not injective. The image of (5.1.4) is denoted by CH^g^(X, 1)q, and its elements 
are called decomposable. We denote the cokernel of (5.1.4) by CH?^^(X, 1)q. See [20], [30]. 

Consider the cycle map to the usual Deligne cohomology for a smooth projective variety 
X over C 

(5.1.5) cl : OT(X, 1)q ^ H^^-\XMp)) = Exti,Hs(Q, ^'^"'(^, Q(p)))- 
See [2], [9], [16], etc. The image of C'Rl^^{X, 1)q by (5.1.5) coincides with 

Extl,Hs(Q, NP-'H^P-\X, Qip))) = N^-^H^^-\X, Q{p - 1)) ®z C*, 

where Np~^ H'^p~'^ {X , Q{p—1)) is the subspace of algebraic cycle classes (which is contained 
in the subspace of Hodge cycles). So we cannot detect the image of C}i^~^{X)Q ®i C* in 
CH^(X, 1)(Q by using (5.1.5), where CH^~^(X)q denotes the subgroup of homologically 
equivalent to zero cycles. 
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5.2. Theorem. Let X be a smooth complex projective variety such that NP~'^ H'^^'^ {X , Q) ^ 
0, where N is the coniveau filtration. Then for any positive integer m, there exist 
Q e CH^~Jj(X)q (1 < z < m) and a subfield KofC finitely generated over k such that for 
any complex numbers cti, . . . , am not algebraic over K , the images of Q ® ai{l < i < m) 
by the composition of (5.1.4) and (5.1.3) are linearly independent over Q. 

Remark. If p = 2 or dimX + 1, the assumption on the coniveau filtration is equivalent to 
the nonvanishing of H^[X, Ox)- Furthermore, (5.1) in the case p = dimX + 1 holds by 
replacing that condition with the nonvanishing of H'^{X,Ox) using an argument similar 
to (4.4). 

Proof o/ (5.2). By assumption on the coniveau filtration, there exist an irreducible smooth 
complex projective curve C and (' e ClF~^{C x X) such that the induced morphism 
H'^(C, Q) ~^+*(X, Q{p — 2)) is nontrivial for i = 1 and vanishes for i — 2. (Indeed, 

for a closed subvariety Y of co dimension p — 2 in X , there is a curve together with a divisor 
on C X y such that the induced morphism if*(C, Q) H'^{Y,Q) is surjective for i — 1 
and vanishes for i = 2, where 1" ^ y is a resolution of singularities.) 

Let i?, Xji be as in (2.1). We may assume that C and are defined over i?, i.e. 
there exist an i?-scheme Cr and e CW~^(Cji XuXr) such that their base changes by 
i? — > C are C and C'. Let U he a. nonempty affine open subvariety of Cr. We define S' 
to be the fiber product of m copies of U over S = Specf?, and ^ g, G CH^~^(5" Xi^ Xr) 
to be the pull-back of by pi x id where pi is the composition of the projection to the 
m-th factor S' ^ U and the inclusion U — > Cr. Let R' be the affine ring of S' . Then R' 
is integral. We choose an embedding of K = k{S') into C. The condition on ctj is relevant 
to this K (i.e. the ct^ are not algebraic over K). Let Qi e CYi^~^{X) be the base change 
of Ci,S'- K is homologically equivalent to zero by the assumption on C,' . 

Let R" be a finitely generated smooth /c-subalgebra of C such that R' C i?", Speci?" 
is smooth over Speci?', and ctj e R" for any i. Let k^ be the algebraic closure of k in 
R. We may assume that k^ is also algebraically closed in R" by replacing R, R' with the 
base change by k^ k^" (and kji with kji"). Note that the algebraic closure of K is 
unchanged. Let n : S" ^ S' be a smooth projective compactification of Speci?" S'. 
Let Di be the support of the divisor defined by ai. Put D — UiDi. Note that Di are 
nonempty by assumption on ctj. 

We have to show that the images of Q (8) ctj by the cycle map are linearly independent. 
Let U" be a nonempty open subvariety of S". We may assume that U" (1 D is nonempty 
and smooth over 5", because it is only required that any nonempty open subvariety of 
Speci?" contains U" \ D for some U" . We can prove a commutative diagram 



See for example [42]. By definition Qi ® ctj is represented by the pull-back of Qi^s' to 
{U"\D) Xji Xji together with the function ctj coming from U" \D. It is enough to show 



CB.P{{U"\D) XrXr,1)q 



CB.P-\(U"nD) XnXR)q 



HlP-\{U" \D) XRXR/kR,Qip)) 



. H^^-\{U" nD)xR XR/kR, Q{p - 1)) 
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that the images of their nontrivial hnear combinations in "^{{U" H D) Xji Xji, Q(p)) 
are nonzero by the same argument as in (4.2) using (2.6) together with (4.1.2) apphed to 
{U"\D)xrXr U"\D. Consider the image of the cycle in CW-^{{U"f^D)xRXR)Q. It is 
identified with a linear combination of the pull-back of Q^s' by {U"{~\D) xrXh S' xjiXr 
where the coefficients are multiplied by the multiplicity of zero or pole of ctj along the 
divisor. So the assertion follows from the same argument as in (4.2). 

5.3. Theorem. Let X be a smooth projective complex algebraic variety. Assume k is a 
number field. Then the cycle map (5.1.3) for p = 2, m = 1 is injective if the generalized 
Abel-Jacobi map (5.1.2) for the same p,m is injective for any k-smooth projective models 
of X (where the notion of k-smooth projective model is defined as in (0.4))- 

Proof. Let C' e CH^(X, 1)q. Replacing R if necessary, we may assume that C is defined 
over i?, i.e. there exists a cycle on XjiXjiAj^ such that C'r^r^ = C- Let Y = Xr. Then 
there exist smooth projective compactifications y, S oi Y,S together with a projective 
morphism Y ^ S extending Xr — > S. Let Z — Y \ Y . We may assume it is a divisor on 
Y. Let kn be the algebraic closure of k in k{S). Then kn is also algebraically closed in k(Y) 
(because the generic fiber of y ^ is geometrically irreducible.) We may assume that 
each irreducible components of Z are geometrically irreducible (taking the base change of 
y, 5* by a finite extension of if necessary). 

Let n = dimy. Then the cycle map induces a morphism of the localization sequence in 
[8] to the corresponding exact sequence (see e.g. [42]): 

CH^(Z,1)q >CH2(y,l)Q > CH2(y,l)Q > CH^(^)q 

(*) 

HZ-^{Z,n-2) > HUY,2) > Hl{Y,2) >HZ-A{Z,n-2) 

where H^^_^{Z, n — 2) is the abbreviation of H'^^_^{Z /kn, Q(n — 2)), etc. 

Let C = Cfl £ CH^(y, 1)q, and assume cl{C) = 0. Since (*) is injective (us- 
ing the base change by kfi — > C, see loc. cit), we see that C, is the image of some 
C G CH (y, 1)(Q. Furthermore, cl{C,) comes from H^^_^{Z/k}i,Q{n — 2)) by the com- 
mutativity. Since (5.1.2) is injective by hypothesis, it is enough to show that the image of 
C in Ext (Qfc^, i^^(y//cfl, Q(2))) comes from CH (Z, 1)q. So the assertion is reduced to 
the following: 

5.4. Proposition. Let Y be a smooth projective k-variety of pure dimension n, and Z a 
divisor on it. Assume Y and the irreducible components of Z are geometrically irreducible 
over k. Then 

cl\CYL\Y, 1)q) n lu,{HZ_^{Z/k, Q(n - 2)) ^ Exti(Qfc, H\Y/k, Q(2)))) 
= Im(CH\Z, 1)q ^ Ext^(Qfe, H\Y/k, Q(2)))). 

Proof. Let Z — > Z be a resolution of singularities. By Lemma (5.5) below, we may replace 
Z in the formula by Z. Then iy|^_3(Z//c, Q(n-2)) becomes Ext^(Qfc, -H"°(Z//c, Q(l))), and 
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the morphism of Deligne cohomologies is induced by the Gysin morphism for g : Z ^ Y. 
Let ^ = cl'{Q be an element of the left-hand side (with Z replaced by Z). We have the 
decomposition ^ = +^2 corresponding to the primitive decomposition as in (4.8), where 
^1 corresponds to the primitive part. 

We first reduced the assertion to the case ^2 = 0. Let Zj be the irreducible components of 
Z. We may assume that the cohomology class of some Zi is not contained in the primitive 
part (because = otherwise). Let I denote the hyperplane section class as in (4.8). 
Consider the pushforward of P-^C e CH"+^(y, 1)q hy Y ^ Speck. Let (i e CR^Zi, 1)q 
be its pull-back by Z^ — > Spec A;. Then, modifying ^ by a constant multiple of the image 
of Ci, we may assume ^2 = 0. 

Now let V be a maximal dimensional vector subspacc of H^{Z,Q) which is sent in- 
jectively to a subspace of the primitive part of H'^{Y,Q{1)) by the Gysin morphism for 
g : Z ^Y. Then there exists F e CH°(Z Z)q such that the action of the composition 
r*o^*op-2o^^ on V is the identity. So ^ comes from (r*o^*op-2)^ g CH^Z, 1)q, and the 
assertion follows from the compatibility of the cycle map with F*, g*, 

5.5. Lemma. Let X be a purely n-dimensional k-variety, and tt : X ^ X be a resolution 
of singularities. Then 

HZ-iiX/K Q{n - 1)) = d(CH\X, 1)q) + n^HZ-iiX/k, Q(n - 1))) 

Proof. Let U he a, dense open subvariety of X such that U := tt~^{U) ^ U is an isomor- 
phism and Z :^ X \U and Z -.^ X \U are divisors. Let ^ G H^^_^{X/k, Q{n - 1)), and C' 
be its restriction to U = U which belongs to Hj){U/k,Q{l)). Consider the commutative 
diagram induced by the cycle map: 

CH^(X,1)q > CH^(c7,1)q > CH°(Z)q > CH\X)q 



(*) 



(**) 



HZ-AX,n-l) > H^{U,1) > HZ_^{Z,n-l) > HZ_^{X,n-l) 

where i?2^_i(X, n — 1) means H'2n-i{X /k., Q(n — 1)) as before. By Lemma below, (*) is 
an isomorphism and (**) is injective (using the base change by /c ^ C). So there exists 
C e CH^([7, 1)q such that f - c/(C) comes from an element i" of HZ_^{X/k, Q(n - 1)). 

Using a similar diagram with X, U, Z replaced by X, U, Z and also the morphism 
between the two diagrams induced by the direct image, we see that the image of ^ in 
CH°(Z)q is zero, because the image of (' in H^^_2{Z/k, Q(n — 1)) is zero and (*) remains 
injective with Z replaced by Z. So ( comes from an element of CH^(X, 1)q, and we get 
the assertion using the injectivity of H^{X/k, Q(l)) — > H^{U/k, Q(l)), which follows from 
the vanishing of H^^_-^{Z/k, Q{n - 1)). 

5.6. Lemma. Let X be a purely n-dimensional k-variety with irreducible components X^. 
Then we have a canonical isomorphism 
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Proof. By the localization sequence, we may assume X smooth by deleting a closed subva- 
riety of dimension < n in X. So the first isomorphism is clear and we may assume further 
X irreducible. Then the assertion becomes 

Hom(Qx/fc,Qx/;t) =Q, 

and it is clear if X is geometrically irreducible. In general, if the left-hand side is not 
Q, there exists an endomorphism of Qx/k inducing zero on some irreducible components 
of X <S)k ^ and nonzero on some other components (because the endomorphisms on each 
component are the multiplications by rational numbers). But this is impossible because it 
comes from an endomorphism of Ox as T>x-Module. So the assertion follows. 

5.7. Theorem. Let X be a smooth complex projective variety. If the cycle map (5.1.3) 
for X is injective forp = 2,m = 1, then it induces an infective morphism 

(5.7.1) CHL(^,l)Q^Ext^(Q(fc),i/2(x,Q^,^(2))/iViiy2(X,Q^fe)(2))). 
Remark. It is not clear whether the morphism 

(5.7.2) CHL(^, 1)q ^ Exti,Hs(Q, H^{X, Q{2))/N'h\X, Q(2))) 

induced by (5.1.5) is injective. Indeed, we have a natural morphism of the target of (5.7.1) 
to that of (5.7.2), but the injectivity of its restriction to the image of (5.7.1) seems to be 
nontrivial. Note that (5.7) suggests that CB.'^^^{X,1)q = if H^{X,Ox) = 0. In the 
surface case, this is closely related to Bloch's conjecture [7] due to [10]. See also [18]. 

Proof of (5.7). The assertion means that the inverse image of Ext^(Q^fc), A'"^iy^(X, Q^fc)(2))) 
by the generalized Abel-Jacobi map 

cl' : CH2(X,1)q ^ Ext\Q^k},H\X,Q^k){m 

coincides with CHjg^(X, 1)q. By definition N^H'^{X,Q(^i^'^) is isomorphic to a direct sum 
of copies of Q^fc^( — 1) (generated by cycle classes), and is a direct factor of iy^(X, Q^^^) by 
semisimplicity. So we get 

(5.7.3) d\CRl^^{X,l)Q) = d\CR\X,l)Q)nExt\Q{k),N'H\X,Q^k){m, 

by an argument similar to the proof of (5.4) using the compatibility of the cycle map with 
correspondences. (Note that the left-hand side is contained in the right-hand side due to 
the compatibility of the cycle map with the direct image by a morphism F — > X, where 
y is a resolution of singularities of a divisor on X.) Then the assertion is reduced to 

(5.7.4) l2CH2(X, 1)q c CHL(X, 1)q, 

where the filtration L on CH^(X, 1)q is induced by L on H^{X, Q^fc>)(2)) in (3.3.3) using 
the cycle map. We have Gr^CH^(X, 1)(Q) = due to the compatibility of the cycle map 
with the pull-back by the inclusion of a point of X. So the assertion is further reduced to 
the next proposition: 
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5.8. Proposition. With the above notation, Gr^CH^(X, 1)q is generated by decomposable 
higher cycles. 

Proof. Let C be a smooth curve on X obtained by intersecting general hyperplane sections 
of X. Let z : C — > X denote the inclusion. Then there exists F e Cli^(C x X) such that 
the composition of i* and induces the identity on H^{X, Q). Since CH^(C, 1) consists 
of decomposable higher cycles, the assertion follows from the compatibility of the cycle 
map with i* and F*. This completes the proofs of (5.8) and (5.7). 

The following is a variant of a rigidity argument of Beilinson [2] and Miiller-Stach [30] : 

5.9. Proposition. For a smooth complex projective variety X, let 7V*iy^*(X, Q^^)) denote 
the maximal subobject o/ iy^*(X, Q^/,^) which is isomorphic to a direct sum of copies of 
Q^fc)(— z). Then the image of the morphism 

(5.9.1) CR^{X,l)Q^E^t\Q^k),H^''-\X,Q^k){p))/NP-'H^P-\X,Q^k){p))) 
induced by the cycle map is countable. 

Proof Let M = H'^p-^{X, Q^k){p))/NP-^H'^P-^{X, Q^k){p)))- In the notation of (3.1) we 
have 

N'H^^ (X, Q(fc) (z) ) = Hdg' (X, Q^fc) ) ® Q^k) ■ 

For a smooth connected curve S, let be the pull-back of Ai by the structure 
morphism as ■ S ^ Spec C. Then we have a short exact sequence 

^ Ext\Q^k),M) ^ Ext\Qs,{k),Ms) ^ iiom{Q^k), H\as)*Ms) ^ 

by the Leray spectral sequence for {as)*^Sj where the first morphism is induced by the 
pull-back by as- So the assertion is reduced to the vanishing of the last term (using a 
stratification of the Hilbert scheme). We have a natural isomorphism 

}iom{Q^k),H\as)*Ms)=iiom{BM,H\S,Q{k))), 

because H'^{as)*Ms = M ® H'^{S,Q(k})- (Here DA^ denotes the dual of M.) Since 
3M is pure of weight 2, and Gr^ H^{S,Q(^k)) is isomorphic to a direct sum of copies of 
Q(fc)(~l); the assertion is further reduced to 

Hom(Q<fc)(l),A<) = 0. 

But this is clear by the definition of A4 (together with the semisimplicity of pure objects). 

5.10. Remark. It is conjectured by C. Voisin [47] that CHfj^j(X, 1)q is countable. By 
(5.3), (5.7) and (5.9), this conjecture can be reduced to the injectivity of (5.1.2) (or more 
precisely, to the hypothesis of (5.3)). 
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5.11. Proposition. Let X be a smooth complex projective variety. Assume k is a num- 
ber field. Then the morphism (5.7.1) is surjective if H'^{X,Q(^k^)/N^H'^(X,Q(^i,'^) is global 
section-free in the sense of (2.4) and if the Abel-Jacobi map in (0.4) is injective for codi- 
mension 2 cycles on any k-smooth projective models of X (where the notion of k -smooth 
projective model is defined as in (0.4))- 

Proof. Let tt : Xn S = Spec J? be as in (2.1), and tt' : Xri ^ S' = Speci?' its base 
change by a finitely generated smooth /c-subalgebra R' of C containing R. By definition, 
the target of (5.7.1) is the inductive hmit of 

Ext^(Q5',fc,, , R^<Qx,,/k^, {2)/N'R\iQx^,/k,, (2)), 

where N^R'^tt'^Qx^, /k^iC^) is isomorphic to a direct sum of copies of Qs',fc^;(l) if R is 
sufficiently large. This extension group is isomorphic to 

Hom(Qfc^, , H\S'/kR,,R\:Qx^,/k^, {2)/N^R\'Mx^,/k^, (2))) 

due to the first assumption (by using the Leray spectral sequence). So the assertion is 
reduced to the following: 

5.12. Proposition. Let X he a sm,ooth projective variety over a number field k such that 
k is algebraically closed in the function field of X . Let U be a dense open subvariety of X 
such that Y := X\U is a divisor with normal crossings whose irreducible components are 
smooth. Then the morphism induced by the cycle map 

CB.\U, 1)q ^ Hom(Qfe, H^{U/k, Q(2))) 

is surjective, if the Abel-Jacobi map in (O.4) is injective for codimension 2 cycles on X. 

Proof. Let M = H^{U/k, Q{2)) as in the proof of (4.7), and CH^y)^"^ the kernel of 
the composition CH^(y)Q CH^(X)(Q — > i7^(X//c, Q(2)). Then we have a commutative 
diagram induced by the cycle map 

CB.\U,1)q ^ CH'(y)^°^ ^ L^CB.\X)q 

Hom(Qfc,M) > Hom(Qfc,M/VI^_iM) > Ext^(Qfe, Gr^^^M) 

For ^ e Hom(Qfc, M), let ^' be its image in Hom(Qfc, M/W-iM). Then by the arguments 
in the proof of (4.7), there exists C e CH"'^(y)Q^ such that ^' coincides with the image of 
C in Hom(Qfc, M/M^_iM). 

Since Hom(Qfc, W-iM) = 0, the first morphism in the bottom row is injective. So 
it is enough to show that we can choose C' coming from CH (t/, 1)q. By assumption, 
it is equivalent to that the image of in j'^[X/k)q vanishes in the notation of (1.3.4) 
(replacing Q' if necessary). But the image of Q' in Ext"'^(Q/c, Grlfj^M) is zero, and hence 
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d'iC) E J'^{X/k)q belongs to the image of J^(F//c)q, where Y denotes the normahzation 
of Y. So the assertion follows from (4.8). This completes the proofs of (5.12) and (5.11). 
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